The interaction between the electric dipole moment of a trapped molecular ion and the configuration of the confined Coulomb crystal couples the orientation of the molecule to its motion. We consider the practical feasibility of harnessing this interaction to initialize, process, and read out quantum information encoded in molecular ion qubits without optically illuminating the molecules. We present two schemes wherein a molecular ion can be entangled with a co-trapped atomic ion qubit, providing, among other things, a means for molecular state preparation and measurement. We also show that virtual phonon exchange can significantly boost range of the intermolecular dipole-dipole interaction, allowing strong coupling between widely-separated molecular ion qubits.
The interaction between the electric dipole moment of a trapped molecular ion and the configuration of the confined Coulomb crystal couples the orientation of the molecule to its motion. We consider the practical feasibility of harnessing this interaction to initialize, process, and read out quantum information encoded in molecular ion qubits without optically illuminating the molecules. We present two schemes wherein a molecular ion can be entangled with a co-trapped atomic ion qubit, providing, among other things, a means for molecular state preparation and measurement. We also show that virtual phonon exchange can significantly boost range of the intermolecular dipole-dipole interaction, allowing strong coupling between widely-separated molecular ion qubits.
Trapped atomic ion systems have demonstrated the lowest state preparation and measurement (SPAM) infidelity [1] and single-and two-qubit gate error rates [2] [3] [4] of any qubit. Fully programmable, few-qubit quantum computers based on trapped ions have already been constructed [5, 6] . However, to date, these systems have not been scaled to a large number of qubits for reasons including anomalous heating [7] [8] [9] [10] and phonon mode crowding [11] .
Recently, it was shown that molecular ion qubits, coupled by their direct, electromagneitc dipole-dipole interaction, could be used for quantum information processing [12] . While the scalability of quantum molecular qubit systems is not expected to be limited by anomalous heating or phonon mode crowding, molecular ion qubits are not, currently, as easily controllable as atomic ion qubits. In particular, SPAM of molecular ions is made difficult by their typical lack of optical cycling transitions, which makes laser illumination of molecules problematic [13] . One approach is to perform quantum logic spectroscopy (QLS) via a co-trapped atomic ion [14] [15] [16] . However, since QLS requires cooling near the ground state of motion, it is technologically demanding, and laser manipulation of molecular ions can lead to spontaneous emission to dark states.
In this work, we describe how the dipole-phonon coupling in an ion trap can be used to entangle the dipole moment of a polar molecular ion with the phonon modes of a multi-ion Coulomb crystal. This phenomenon can be intuitively understood in two ways: as the time-dependent electric field experienced by a non-stationary ion driving a molecular electric dipole transition, or as a timedependent dipole moment driving ion motion. For multiple ions, the oscillations occur in the collective modes of a Coulomb crystal, and even widely-separated dipoles can be made to interact strongly via shared phonon modes. Further, the dipole-phonon interaction can be augmented by applying traditional sideband operations to a co-trapped atomic ion to effect molecule-atom entanglement and excitation exchange. This provides a poten-FIG. 1. Adiabatic dipole-phonon exchange. Dressed energy levels of trapped molecular ion as a function of normal mode frequency ωq. State preparation can be accomplished by adiabatically increasing the trap frequency, which results in the conversion of |e, 0 to |g, 1 . The |g, 1 state can be detected by a sideband operation on a co-trapped atomic ion.
tially powerful means for non-destructive molecular ion SPAM that is similar to QLS, but can be free from the need to be in the motional ground state or to optically illuminate the molecules. These operations form the basic building blocks of a hybrid atom-molecule quantum logic system, a means for coherent conversion between single microwave photons and atomic excitations, and a new route to quantum simulation of strongly-coupled matter. In what follows, we first describe the basic dipole-phonon interaction and then treat several important cases of molecule-atom and molecule-molecule coupling.
We consider a linear ion chain, which may contain both atomic and molecular ions of approximately the same mass (for simplicity, we assume they are equal), and treat motion only along the axial (z) direction of the chain. In a linear Paul trap, harmonic confinement in z can be entirely electrostatic, allowing the use of a 1D static model. Ion motion follows from the approximate Hamiltonian
, where ω p is the frequency of normal mode p and N and M are the number of molecular and atomic ions in the chain, respectively (h ≡ 1). The displacement of ion i from its equilibrium position can be written as a superposition of motion in the normal modes:
pζp . Here,ζ p is the displacement operator of the normal mode p and we take the normal mode eigenvectors b p to be normalized and real. Thus, [17] . Molecular ions in the chain are assumed to be identical polar molecules, each with a pair of opposite-parity states |g (i) and |e (i) that represent the -1 and +1 eigenstates, respectively, of the Pauli operator σ If the transition frequency between dipole states is close to any of the normal mode frequencies, interactions between the dipole and phonons become important. This interaction follows from H
where
Xẑ is the dipole moment and
)ẑ is the instantaneous total electric field (both the static trap field and the Coulomb repulsion of all other ions in the trap) at the position of ion i. The total electric field experienced by ion i can be found from the effective potential
, which is approximately the ion spacing, can be used to rewrite the electric field operator in the familiar form
where the effective mode volume is V p ≡ 2π 3 p . Equation (1) closely resembles the quantized electromagnetic field used in quantum optics, and we can treat phonons as if they were photons, in the dipole aproximation, confined to mode volume V p with spatial dependence given by b
o,p is the electric field amplitude at ion i from a single phonon in mode p, the dipole-phonon interaction can be written as
To produce coupling between molecules and atoms, an atomic qubit ion in the linear chain may be addressed by laser fields to couple it to motion.
For atomic ion j, this interaction is described by the Hamiltonian H
where ω a is the energy splitting of the atomic qubit, s
are the Pauli operators on the atomic qubit, Ω (j) is the (carrier) Rabi frequency of the laser-qubit interaction, ω L is the laser (or beatnote) frequency, and η p is the Lamb-Dicke factor for mode p. Thus, the total Hamiltonian for a linear chain composed of N identical polar molecules and M identical atoms is
In what follows, we consider several realizations of a chain of molecular and atomic ions and analyze the behavior that follows from Eq. 3. Unless specified otherwise, all numerical examples assume a molecular species (based loosely on DCl + [18] ) with the following properties: m = 37 amu, d = 1 D, ∆/2π = 5 MHz in a trap with axial, center of mass frequency ω 1 /2π = 5 MHz.
Near-resonant dipole-phonon exchange -If the energy separation of the dipole states ∆ is near that of the qth normal mode, and far from all other modes p = q, the rotating wave approximation can be applied to the molecular terms in Eq. 3 to yield the Hamiltonian for molecule i and phonon mode q,
Except for the dependence of g
q on ω q , this is the wellstudied Jaynes-Cummings Hamiltonian [19] and thus immediately suggests several methods for dipole-phonon quantum logic. For example, if ω q = ∆, a molecule prepared in the state |e m , 0 ( m and a denote molecule and atom, respectively) will undergo vacuum Rabi flopping to |g m , 1 at the rate g q , and both excitation exchange as well as entanglement between the dipole and the phonon mode can be created by choosing the time for which the coupling is active (ω q = ∆).
This interaction provides a robust means for SPAM of the molecular ion. The coupling g m , n q at ω q = ∆, as shown in Fig. 1(c) . By using a co-trapped atomic ion to laser cool to the ground state of motion and then adiabatically performing a linear sweep of the trap frequency ω q through ∆ from below, a polar molecule in |e (i) m , 0 will emit a phonon in the shared motional mode q with probability P ≈ 1 − exp(−2πg
q /ω q ) and be transferred to |g (i) m , 1 . Subsequent measurement of the phonon state followed by ground state cooling via the atomic ion would then prepare |g (i) m , 0 in a manner similar to traditional QLS [15, 16] . Repeating this scheme following a π-pulse on the |e m ↔ |g m transition allows discrimination of |e m and |g m as a molecule initially in |e m emits a phonon on both ramps, a molecule initially in |g m emits a phonon only on the second ramp, and a molecule in a state outside of the |e m -|g m subspace does not emit a phonon on either ramp. Further, using circularly polarized radiation for the π-pulse in combination with multiple ramp sequences could 'acoustically pump' the polar molecule into a single Zeeman sublevel.
This technique appears to have several advantages over traditional QLS. For example, here the dipolephonon exchange does not require optical addressing of the molecule (which can lead to spontaneous emission) as ω q can be tuned by simply changing DC trap voltages. Further, the dipole-phonon interaction has no carrier transition, which allows this sweep to span a wide range with strong coupling.
For state preparation, it is also possible to take a dissipation engineering approach, where ground-state (sideband or EIT) cooling is carried out while ω q = ∆. At this operating condition, the dipole-phonon interaction couples the internal states of the molecule to the atomic spontaneous emission providing controllable dissipation in the |e m -|g m subspace. Thus, the |g m , 0 state is prepared simply by cooling the atom while ω q = ∆, and success can be verified using the adiabatic ramp sequence defined above for state detection.
Resonant Dipole-phonon exchange with multiple molecular ions -For multiple molecular ions in the trap, the Hamiltonian is H = i H (i) q , (see Eq. (4)). Because the molecular ions couple to a shared phonon mode, it is straightforward to entangle them. Using the center-ofmass mode so that all ions possess the same b
1 , a system initially prepared in the state |g, g, ..., g, 1 will evolve as |ψ(t) = cos(
(|e, g, g, ..., g + |g, e, g, ..., g + ... + |g, g, g, ..., e ). Therefore, a molecular W state can be produced by either tuning the phonon mode on resonance with the molecule for a time t G = √ N π/(2g q ) or by adiabatic rapid passage through the ω 1 = ∆ condition.
This basic scheme provides a number of useful capabilities. As a numerical example, for two molecular ions, the gate time is t G ≈ 25 µs to produce the Bell state |ψ
(|g, e + |e, g ). This is at least two orders of magnitude faster than gate time for producing the same entangled state via the direct electromagnetic dipole-dipole coupling [12] .
This interaction also provide a means for fast, highfidelity quantum transduction from a microwave photon qubit into an atomic ion qubit or optical photon. By placing an ion chain (containing many molecules and one atomic ion) in the mode of a microwave resonator whose frequency is at ∆ [20] , the strong coupling limit of cavity QED can be reached allowing a microwave photon to be coupled to the collective dipole, creating |W . Using the interaction described here, the |W state can then be transferred to motion, and the motion transferred to the state of the atom, which can be converted into opticalfrequency photons, if desired.
Long-range dipole-dipole interactions mediated by virtual phonons -When all normal mode frequencies are detuned from the molecular dipole splitting ∆, offresonant absorption and emission of phonons still mediates effective dipole-dipole interactions between cotrapped molecules. Virtual phonon exchange occurs through every normal mode, and the effective Hamiltonian [21] takes the form their electromagnetic counterpart by orders of magnitude at long range, providing a potential new path to the study of strongly-coupled quantum systems.
The second term in the effective Hamiltonian (6) is a "quantum AC Stark shift" [21, 26] of the phonon and dipole frequencies. While the effects of this term may be mitigated by a spin echo sequence [23] , it provides another means for state detection since it allows the state of the molecule to be determined by simply measuring a shift in the normal mode frequencies. For ∆/2π = 4.98 MHz, the center of mass mode frequency shift is ≈ 2.5 kHz.
Long-range dipole-atomic qubit interaction mediated by virtual phonons -An atomic qubit, driven by an appropriate laser frequency, can be made to participate in the interaction just described.
If the atomic qubit laser is applied at ω L = ω a + ∆ (where ω a is the atomic level splitting ω a with the AC Stark shift of the laser included), it is blue detuned with respect to the atomic qubit and (off-resonant) excitation of the atom is most likely to be accompanied by the creation of a phonon, shown as the right-hand, red path in Fig. 3 . This phonon can then be absorbed by the molecule, and the transition amplitude for this path is proportional to n + 1. Likewise, this process can occur in the reverse order (left red path in Fig. 3 ) with transition amplitude ∝ −n, and the n-dependence of the overall amplitude for the |g m , g a , n ↔ |e m , e a , n transition drops out. The blue lines in Fig. 3 indicate terms that are further off resonance, for which the motional state dependence also cancels. As a result, the effective Rabi   FIG. 3 . Energy levels and couplings of a co-trapped atomic and molecular ion while driving the atomic ion with a laser at ωL = ω a + ∆. Multiple pathways interfere to remove the ndependence of the coupling between |gm, ga, n and |em, ea, n , allowing quantum control without the need for cooling to the Lamb-Dicke regime.
frequency for oscillations from |g m , g a , n to |e m , e a , n is Ω eff ≈ b q η q Ωg q /2(∆ − ω q ) and is independent of the motional state of the system. The case for ω L = ω a − ∆ (i.e. laser red detuned with respect to the qubit) is the same with the substitution g a ↔ e a , and can therefore be used to drive transitions |g m , e a , n ↔ |e m , g a , n in the same manner.
Along with single ion rotations, this toolbox allows full control of the Hilbert space of the dipole orientation and atomic qubit, and can be used to create entangled states of the hybrid molecule atom system without the need to operate in the Lamb-Dicke limit. For example, this interaction can be used to rotate the system into an atommolecule GHZ state,
(|g m , g a + |e m , e a ), in a time
bqηqΩgq , which for the example molecule described above and η q Ω/2π = 100 kHz is t G = 20 µs.
Molecules amenable to dipole-phonon quantum logicFor these ideas to be practically feasible with current ion trap technology requires that ∆/2π ≤ 20 MHz. For diatomic molecules, the most likely targets are Λ-/Ω-doublet ground states, which have opposite parity and can be closely spaced, such as the X 2 Π 3/2 state of DCl + , which has ∆/2π = 8.3 MHz [18] . Other examples include HfF + and ThF + , which are relevant for electron electric dipole moment searches and have ∆/2π ≈ 740 kHz and 5.3 MHz [27, 28] . For linear polyatomic molecules, many -doublets are split by < ∼ 10 MHz [29] [30] [31] . These are especially interesting candidates as they may also possess diagonal Franck-Condon factors [30, 32] , allowing, among other things, state preparation via optical pumping [33] .
In summary, we have described the interaction between the dipolar degree of freedom of a molecular ion with the phonon modes in an ion trap and its use for quantum logic. Specifically, we have shown that this interaction can be used for state preparation and measurement of molecular ions, entanglement of molecular ions, entanglement of molecular ions with atomic ions, the transduction of quantum information from the microwave to optical regime, and the study of strongly correlated quantum matter. In many cases, these applications do not require cooling to the ground state of motion.
